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Abstract
We study the fully entangled fraction of a quantum state. An upper
bound is obtained for arbitrary bipartite system. This upper bound
only depends on the Frobenius norm of the state.
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The fully entangled fraction is closely related to many quantum information processings,
such as quantum computation [1], quantum teleportation [2], dense coding [3], quantum
cryptographic schemes [4], entanglement swapping [5], and remote state preparation (RSP)
[6–9] etc. For instance, in the process of teleportation, the fidelity of optimal teleportation
is given by fully entangled fraction (FEF) [10]. Thus an analytic formula for FEF is of great
importance. In [11] an elegant formula for a two-qubit system is derived analytically by
using the method of Lagrange multipliers. Concerning the estimation of entanglement of
formation and concurrence, exact results have been obtained not only for two-qubit case,
but also for some higher dimensional states, isotropic and Werner states [12]. Analytical
lower bounds have also been obtained for general cases [13, 14]. In [15] an estimate of
the upper bound of FEF was given. Some relations between FEF with eigenvalues of the
density matrix were studied in [16]. Nevertheless, analytical computation of FEF remains
formidable and few results have been known for higher dimensional quantum states.
1
The aim of this work is to give an upper bound of the FEF for arbitrary higher dimensional
state. Our main techniques come from a careful analysis of the Frobenious norm.
I. INTRODUCTION
Consider the bipartite quantum state ρ in Hilbert space H ⊗ H where H has the com-
putational basis |i〉, i = 1, 2, . . . , d. Let Eij be the d× d unit matrix with the only nonzero
entry 1 at the position (i, j). Let ω be a fixed dth primitive root of unity. Consider the
principal basis matrices
Aij =
∑
m∈Zd
ωimEm,m+j , (1)
where ωd = 1, i, j ∈ Zd, and Zd is Z modulo d.
It is well-known that {Aij} is a set of linear generators of the general linear Lie algebra
gl(d). In the case of d = 2, the principal matrices specialize to the Pauli matrices, but
in general they are different from the Cartan-Weyl basis and Gell-Mann basis. This does
not decrease its importance in quantum algebra. For instance, they play an important role
in affine Lie algebras and Yangians (cf. [17]). The set {Aij} spans the principal Cartan
subalgebra of gl(d). Under the stand bilinear form (x|y) = tr(xy), the dual basis of the
principal basis {Aij} is {ωijd A−i,−j}. This also follows from the algebraic property of the
principal matrices
AijAkl = ω
jkAi+k,j+l.
Then A†i,j = ω
ijA−i,−j, so tr(AijA
†
kl) = δikδjld.
Now we fix j ∈ Zd, and define the Toeplitz sequence {ǫj} by ǫj(k) = Ek,k+j, where k
is the index variable. Then the principal basis elements Aij can be written as the discrete
Fourier transform:
Aij = F ({ǫj})(i) =
∑
m∈Zd
ωimEm,m+j .
Therefore the usual Cartan-Weyl basis can be easily computed by the inverse Fourier trans-
form
Ek,k+j = ǫj(k) =
1
d
d−1∑
l=0
ω−klAlj .
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It is straightforward to get the trace of Aij ,
tr(Aij) =

 0, i 6= 0 or j 6= 0;d, i = j = 0.
The Gell-Mann basis of su(d) can be defined as the set of unitary matrices {λi} of size
d × d, i = 1, ..., d2 − 1 with the orthogonality relation Tr(λiλj) = 2δij, which are used in
the Bloch representation [18]. The matrices {λi} can be constructed by another orthogonal
basis {|a〉}d−1a=0 in space H [19]. Let i, j, k be the indices such that 0 6 l 6 d − 2 and
0 6 j < k 6 d− 1. Then for i = 1, ..., d− 1,
λi =
√
2
(l + 1)(l + 2)
(
l∑
a=0
|a〉〈a| − (l + 1)|l + 1〉〈l + 1|),
and for i = d, ..., (d+2)(d−1)
2
,
λi = |j〉〈k|+ |k〉〈j|,
and for i = d(d+1)
2
, ..., d2 − 1,
λi = −i(|j〉〈k| − |k〉〈j|).
Obviously, the principal matrices have much simpler representation than {λi}. We will take
advantage of their relative easy form.
II. UPPER BOUND OF FULLY ENTANGLED FRACTION
The fully entangled fraction of a density matrix ρ is defined by
F(ρ) = max
U
〈ϕ+|(I ⊗ U+)ρ(I ⊗ U)|ϕ+〉, (2)
where |ϕ+〉 = 1√d
∑d
i=1 |ii〉 is the maximal entangled state.
Let us represent ρ in terms of the principal basis matrices:
ρ =
1
d2
[I ⊗ I +
∑
(i,j)6=(0,0)
aijAij ⊗ I +
∑
(i,j)6=(0,0)
bijI ⊗ Aij +
∑
(i,j),(k,l)6=(0,0)
cklijAij ⊗Akl], (3)
where the coefficients
aij = ω
ijtr((A−i,−j ⊗ I)ρ) = tr(ρ(A†ij ⊗ I)), (4)
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bij = ω
ijtr((I ⊗ A−i,−j)ρ) = tr(ρ(I ⊗A†ij)), (5)
cklij = ω
ij+kltr((A−i,−j ⊗ A−k,−l)ρ) = tr(ρ(A†ij ⊗ A†kl)). (6)
Example 1: Isotropic state [20] ρiso =
1−p
d2
I ⊗ I + p|ϕ+〉〈ϕ+|. According to the decom-
position by principal matrices, we have
ρiso =
1
d2
(I ⊗ I +
∑
(0,0)6=(0,0)
pAij ⊗ A−i,−j). (7)
Example 2. Werner entangled state [21] ρw =
d+1
d3
I ⊗ I − 1
d2
P , where P is the flip
operator P =
∑
i |i〉〈j| ⊗ |i〉〈j|. The Werner state has the following representation in terms
of the principal matrices,
ρw =
1
d2
(I ⊗ I − 1
d
∑
(0,0)6=(0,0)
Aij ⊗A−i,−j).
So by the principal presentation, the Werner state ρw is actually a special isotropic state
with p = −d!
The above two examples depend on the following result.
Lemma 1 We have that
|ϕ+〉〈ϕ+| = 1
d2
I ⊗ I +
∑
(ij)6=(00)
1
d2
Aij ⊗A−i,−j. (8)
Proof: We represent |ϕ+〉〈ϕ+| in terms of the principal basis elements:
|ϕ+〉〈ϕ+| = 1
d2
[I⊗I+
∑
(i,j)6=(0,0)
aijAij⊗I+
∑
(i,j)6=(0,0)
bijI⊗Aij+
∑
(i,j),(k,l)6=(0,0)
cklijAij⊗Akl]. (9)
Since
|ϕ+〉〈ϕ+| = 1
d
∑
i,j
|ii〉〈jj| = 1
d
∑
i,j
Eii,jj =
1
d
∑
i,j
Eij ⊗ Eij . (10)
Computing the coefficients, we have
aij = ω
ijtr[(A−i,−j ⊗ I)|ϕ+〉〈ϕ+|]
= ωijtr(
∑
m
ω−imEm,m−j ⊗ I)(
∑
k,l
1
d
Ekl ⊗ Ekl)
=
ωij
d
tr(
∑
m,k,l
ω−imδm−j,kEml ⊗ Ekl).
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When k = l = m, j = 0, we get (i 6= 0)
aij =
ωij
d
tr(
∑
m
ω−imδm−j,mEmm ⊗ Emm)
=
ωij
d
∑
m
ω−imδm−j,m =
ωij
d
∑
m
ω−im = 0.
So aij = 0 = bij .
Also,
cklij = ω
ij+kltr[(A−i,−j ⊗A−k,−l)|ϕ+〉〈ϕ+|]
=
ωij+kl
d
tr[
∑
m,m′,s,t
ω(−im−km
′)(Em,m−j ⊗ Em′,m′−l)(Est ⊗Est)]
=
ωij+kl
d
tr[
∑
m,m′,s,t
ω(−im−km
′)δm−j,sδm′−l,sEm,t ⊗Em′,t].
When m′ = m = t, t− j = t− l, we get
cklij =
ωij+kl
d
∑
s,t
ω(−i−k)tδt−j,sδt−l,s =
ωij+kl
d
∑
s,t
ω(−i−k)tδt−j,s
=
ωij+kj
d
∑
t−s=j
ω(−i−k)t =
ωij+kj
d
d−1∑
s=0
ω(−i−k)(j+s)
=
ωij+kj
d
ω(−i−k)j
d−1∑
s=0
ω(−i−k)s = 1.
Thus, the equation (8) holds.
Theorem 1 If ρ is a bipartite state on the space H ⊗H, then the fully entangled fraction
of ρ satisfies the following relation
F(ρ) 6 1
d2
+
d− 1
d
‖ ρ ‖F , (11)
where ‖ ρ ‖F= (trρρ†)1/2 is the Frobenius norm.
Proof It follows from definition that
F(ρ) = max
U
tr[ρ(I ⊗ U)|ϕ+〉〈ϕ+|(I ⊗ U+)]
= max
U
tr[
1
d2
ρ(I ⊗ U)(I ⊗ U+) +
∑
(ij)6=(00)
1
d2
ρ(I ⊗ U)Aij ⊗A−i,−j(I ⊗ U+)]
=
1
d2
+max
U
∑
(ij)6=(00)
1
d2
tr[ρ(Aij ⊗ UA−i,−jU+)].
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Since tr[ρ(Aij ⊗ UA−i,−jU+)] = 〈ρ, Aij ⊗ UA−i,−jU+〉, by Ho¨lder inequality,
| 〈ρ, Aij ⊗ UA−i,−jU+〉 |6‖ ρ ‖F‖ Aij ⊗ UA−i,−jU+ ‖F .
where the norm is Frobenius norm, i.e. ‖ A ‖F= (trA†A) 12 , in the case of i = 0, ‖
Aij ‖F=‖ A−i,−j ‖F=
√
d, otherwise,‖ Aij ‖F= 0. Because the Frobenius norm is invariant
under the unitary matrix, we have the upper bound in the Theorem.
The upper bound derived in [15] says that for any ρ ∈ H⊗H, the fully entangled fraction
F(ρ) satisfies
F(ρ) 6 1
d2
+ 4 ‖MT (ρ)M(P+) ‖KF ,
where M(ρ) denotes the correlation matrix with the entries mij given in the Bloch repre-
sentation of ρ:
ρ =
1
d2
I ⊗ I + 1
d
d2−1∑
i=1
ri(ρ)λi ⊗ I + 1
d
d2−1∑
j=1
sj(ρ)I ⊗ λj +
d2−1∑
i,j=1
mij(ρ)λi ⊗ λj ,
where ri =
1
2
tr{ρλi⊗I}, sj = 12tr{ρI⊗λj},mij = 14tr{ρλi⊗λj}, P+ stands for the projection
operator to |ϕ+〉, MT stands for the transpose of M , ‖M ‖= tr
√
MM+ is the Ky Fan norm
of M .
Because of the complexity of {λi}, it is hard to compute the upper bound for a general
state. There is an another upper bound of F(ρ) given in [16], which is related to the
eigenvalues.
Example 3: We consider the bound entangled state [22]
ρ(a) =
1
8a+ 1


a 0 0 0 a 0 0 0 a
0 a 0 0 0 0 0 0 0
0 0 a 0 0 0 0 0 0
0 0 0 a 0 0 0 0 0
a 0 0 0 a 0 0 0 a
0 0 0 0 0 a 0 0 0
0 0 0 0 0 0 1+a
2
0
√
1−a2
2
0 0 0 0 0 0 0 a 0
a 0 0 0 a 0
√
1−a2
2
0 1+a
2


.
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FIG. 1: Our upper bound of Fρ from (11) (solid line) and the upper bound in [16] (dashed line)
We can compute the upper bound of the fully entangled fraction by Theorem 1, Fρ 6
1
9
+
√
30a2+4a+2
24a+3
. From Figure 1, we see that for 0 6 a 6 0.482, the upper bound of Fρ in
(11) is lower than that given in [16], i.e. the upper bound (11) is tighter than the upper
bound [16] in the region.
We remark that the bound obtained in Theorem 1 offers a new criterion for separability
(cf. [23]).
III. CONCLUSIONS
We have studied the fully entangled fraction of quantum states using the principal basis.
An upper bound of FEF is given for a general bipartite state, which provides a new sepa-
rability criterion. These results complement previous bounds on this subject and may give
rise to new applications to the quantum information processing.
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